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Landau Quantization of Neutral Particles in an External Field 
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The quantum dynamics of an induced electric dipole in the presence of a configuration of crossed 
electric and magnetic fields is analyzed. This field configuration confines the dipole in a plane and 
produces a coupling similar to the coupling of a charged particle in the presence of external magnetic 
field. In this work we investigate the analog of Landau levels in induced electric dipoles in a sistem 
of neutral particles. The energy levels and eigenfunctions are obtained exactly. 
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The quantum dynamics of cold atoms in the pres¬ 
ence of an electromagnetic field promises new possibil¬ 
ities to study the quantum properties of many body sys¬ 
tems. This system can be easily controlled and manip¬ 
ulated by electromagnetic fields. The cold atoms make 
then ideal candidates for the study of several intrinsi¬ 
cally quantum phenomena. In recent years the advance 
of cold atom technology made it possible to simulate 
several solid state effects employing neutral atoms and 
techniques from quantum optics^, 0. Recently, the 
neutral atoms techniques to simulate the behavior of a 
charged particle in this systems 0 000 has been de- 
velopted. In this way, the study of systems that simulate 
the strongly interacting system in a cold atom has attract 
much attention in recent years00. 

Electric dipole moment of atoms in the presence of 
an appropriate electromagnetic held conhguration has 
been utilized in literature to inquire above some physical 
effects 0|I3,|ll 113 ■ The study of quantum phases in the 
quantum dynamics of the electromagnetic dipole has its 
origin in the Aharonov-Casher effect for the magnetic 
dipole in the presence of an electric held, that is recip¬ 
rocal effect of the well known Aharonov-Bohm^^ ehect. 
The dual ehect of Aharonov-Casher ehect was studied 
independently by He and McKellarfl^ and WilkensfT^- 
which investigated the quantum dynamics of the electric 
dipole in the presence of magnetic held. In fact, electric 
dipoles can give rise to a variety of dihere nt p henomena 
that generate geometric phases |l^ IT^ IT^ IT^ in dif¬ 
ferent held-dipole conhgurations. Wei, Han and Wei|^ 
have proposed a more realistic held conhguration that 
generate a He-McKellar-Wilkens ehect. In fact, all quan¬ 
tum ehects in the dynamics of the dipole occur due to the 
coupling of electric/magnetic dipole with external mag¬ 
netic/electric held make a mimic of minimal coupling of 
charged particle with an external magnetic held. In this 
work we use this conhguration to study a possibility of 
an analog Landau quantization due to induced electric 
dipoles in cold atom systems. 

The interaction of the electromagnetic held with a 


charged particle, plays an important role in the gen¬ 
eration of collective phenomena, such as, fractional 
statistics |22j and the quantum Hall ehect. The quantum 
motion of a charged particle in the presence of a constant 
magnetic held is described by the theory of Landau . 
The Landau quantization in two dimensions makes the 
energy levels coalesce into a discrete spectrum. The Lan¬ 
dau levels present a remarkable interest in several areas 
of the physics among they the quantum Hall ehect ■ 
On the order hand, the Landau levels were studied for 
diherent curved surfaces[23 113 with the interest in sev¬ 
eral areas of physics. The idea of analogs of Landau quan¬ 
tization was proposed initially by Ericsson and Sjorvist 
inspired in the the work of Paredes et al. that studied the 
possibility of an analog of the Hall ehect in Bose-Einstein 
condensates. The idea of Ericsson and Sj6qvist|13 was 
that the Aharonov-Casher interaction can be used to gen¬ 
erate an analog of Landau levels in systems of neutral 
atoms. In a recent work we extend this idea to systems 
of electric dipoles in the presence of a magnetic held and 
demonstrated also a similar ehect of Landau quantiza¬ 
tion to electric dipoles H^. In the present work we ana¬ 
lyze this possibility in a system of induced dipoles in the 
presence of electric and magnetic helds. The aim this 
work is to demonstrate that the Wei, Han Wei conhgura¬ 
tion for topological phase can be used to investigate the 
landau quantization in a similar scheme that was treated 
in the Landau-Aharonov-Casher ehect by Ericsson and 
Sj6qvist|23and in the Landau-He-McKellar-Wilkens ef¬ 
fect by us[^. The central idea is that a system of cold 
atom in this condition exhibits Landau quantization and 
can be used in future study of atomic quantum Hall in 
the condition presented here. The cold atom is treated as 
structureless induced dipole moment. We consider that 
our system was submitted the following electric held 

E=^re^, (I) 

where p is the charge density. The system is also submit¬ 
ted to the external magnetic held 

B = Boiz- (2) 

The presence of electric held induces an electric dipole in 
the cold atom given by 

d = a(E -I- V X B) 
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where a is the dielectric polarizability of the cold atoms 
and V is the velocity of the atom. The Lagrangian that 
describes the electric dipole in the presence of an electro¬ 
magnetic field is given by 

L = + id • (E-Hv X B). (4) 

Considering that the dipole is induced in cold atoms, the 
Lagrangian is written as 


L = • B x E. (5) 

The term av • B x E is known as the energy of Rotgen and 
is responsible for the modification in the canonical mo¬ 
mentum of the system that differs from the mechanical 
component Mv. The study of this term and its similarity 
with the Chern-Simons term has been widely investigated 
recently. Baxter 0 has showed that the systems of cold 
Rydberg atoms and Chern-Simons theory are analog to 
each other. In a similar system, Zhang flOj has analized 
the possibility of testing spatial noncommutativity. The 
study of the duality property has been done in cold Ryd¬ 
berg atoms recently by Noronha and Wotzasekf^. The 
field configuration requires that the system stays confined 
in the plane and this fact is responsible by its analogy 
with Chern-Simons theory. In this way, we can write the 
Hamiltonian associated with this system as 


H = 


2m* 


P + a{E X B) 


n 2 


- -aE^ 


( 6 ) 


where m* = M + aB^. Note the similarity of with 
the Hamiltonian of a charged particle in the presence of 
an external potential submitted to an external magnetic 
field. Using this fact the effective vector potential takes 
this form 


out by Ericsson and Sioov istl^ to Landau-Aharonov- 
Casher levels. In the Ref.|^ we investigated electric 
dipole in presence of external magnetic field. In and 
1211 the precise configurations for occurrence of a Landau 
quantization are presented. Note that this field configu¬ 
ration gives the precise condition under which the Lan¬ 
dau quantization occurs in the cold atom system. Note 
also that, the Wei, Han and Wei, field configuration used 
in this work constrained the motion of the dipole to be 
planar and to obey these conditions. Now, the problem 
is reduced to the solution of the Schrodinger equation 
associated to ®. In this way, we write the Schodinger 
equation for this system, in cylindrical coordinates, in 
the following form 


iuj d'ljj 

2 d(j) 


2m* 


1_5 

r dr 


dip 

dr 


+ 


m u! 


r^ip - 


m*‘^uj‘^ 

SaB^ 


1 d'^ip 

r2 Q^2 

r'^ip = Sip , 


( 10 ) 


where ui = We use the following Ansatz to the 

solution of Schrodinger equation 

iP = E^*R(r) , (II) 


where £ is an integer number. Using the Eq. 11111 . the 
Eq. noil assumes the following form: 


If,, 1 , 

R” + -R' - ^R 


Mu}'^ 2 2 i „ n 


( 12 ) 


We use the following change of variables 


C = 


m uj 


-r . 


(13) 


In this way, Eq. is transformed into 


Aeff = E X B. 


(7) 


Using the field configuration given in o and @ , we 
obtain the following effective vector potential 


_ _ Hop . 

-^eff — 2 


( 8 ) 


We define the ” magnetic” field B = V x Ag// associated 
to the effective vector potential as 


Be// — BopCz- (9) 

Note that, in this field configuration, the interaction be¬ 
tween the electromagnetic field and the electric dipole of 
atom in the nonrelativistic limit coincides formally with 
the minimal coupling of a charged particle with an exter¬ 
nal magnetic field. ©, in the present case, is responsible 
to minimal coupling. Similar effects have been pointed 


fR" + R'+(^-^ + P-^^R = 0, (14) 

where /3 = § — y = 1 -I- 4 ^^- Assuming for the 

radial eigenfunction the form 

i?(0 = , (15) 

which satisfies the usual asymptotic requirements and the 
finiteness at the origin for the bound state, we have 

$0 + [(KI + 1)-<5C]^-7C = O, (16) 

where 7 = /3 — We find that the solution of 

equation dig is the degenerated hypergeometric function 


( 17 ) 
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In order to have normalization of the wave function, the 
series in m must be a polynomial of degree u, therefore, 


7 

(5 


1. (KI + 1) 
6^ 2 


(18) 


Where n is an integer number. With this condition, we 
obtain discrete values for the energy, given by 

/ \n i\ £ 

^n,e = + — + - j ivs +-uj, (19) 

where lus = Slo. In the limit that 5 —> 1 the eingevalues 
are given by 


In this work we study the eigenfunctions and the eigen¬ 
values of a neutral particle (atom) with an induced dipole 
moment in the presence of crossed electric and magnetic 
fields. The field configuration is the same of Wei, Han 
and Wei |2l| and confines particles in two dimensions. 
In a strong magnetic field, the energy levels are similar 
to Landau levels. Based in this fact the possibility of 
an atomic analog of the Landau quantization to electric 
dipole is presented in a similar way to Landau quantiza¬ 
tion investigation of the magnetic dipole |2^. This effect 
can be viewed as a first approach to investigate a atomic 
analog of quantum Hall effect with electric dipoles in cold 
atoms. 
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( 20 ) 


Note that, this limit is characterized by a high magnetic 
field. In this case the system is similar to Landau levels 

of a charged particle. The radial eigenfunction is then Acknowledgments 

given by 


Rv,e = 


a^+W 

X 


+ n)\ 


1 1/2 


2ldn!|£|!2_ 

-n, \£\ + 1, 


exp 




Sr'^ \ 

4^j ^ 


( 21 ) 
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